SECTION - I I I

THE LEBESGUE INTEGRAL

Lebesgue integration is an alternative way of defining the integral in terms of measure theory that is
used to inte grate a much broader class of functions than the Riemann integral or even the Riemann-
Stieltjes integral. The idea behind the Lebesgue integral is that instead of approximating the total area by
dividing it into vertical strips, one approximates the total area by dividing it into horizontal strips.

3.1 The shortcomings of the Riemann integral suggested the further investigations in the theory of
integration. We give a resume of the Riemann Integral first.

Let f be a bounded real- valued function on the interval [a, b] and let
a=¢§ <& <-<g =b

Be a partition of [a, b]. Then for each partition we define the sums
S =& — & M

and s = YL (& — §,_, )m;

where

Mj= Sup f(x),m;= : inf f(x)

&_, <x<§ i1 <X<§;

We then define the upper Riemann integral of f by

R [2f(x)dx = inf S

With the infimum taken over all possible subdivisions of [a, b].
Similarly, we define the lower integral

R [ f(x)dx = supss.

The upper integral is always at least as large as the lower integral, and if the two are equal we say that f
is Riemann integrable and call this common value the Riemann integral of f. We shall denote it by

R [ f(x)
To distinguish it from the Lebesgue integral, which we shall consider later.
By a step function we mean a function y which has the form

vx) =¢,§_; <x<§

for some subdivision of [a, b] and some set of constants Ci.


https://brilliant.org/wiki/measure-theory/
https://brilliant.org/wiki/riemann-integral/
https://brilliant.org/wiki/riemann-stieltjes-integral/
https://brilliant.org/wiki/riemann-stieltjes-integral/
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The integral of y(x) is defined by
b n

Rf y(x)dx = z Ci (&i - &i_l).

a

With this in mind we see that
Rfah f(x)dx = inf fabw(x) dx

for all step function y(x) > f(x).
Similarly,

R 2 f(x)dx = sup [’ b (x) dx
for all step functions ¢ (x) < f(x).
3.2. Example: If

1 if x is rational
f =
() { o if x irrational

then R [Zf(:)dx = b —a and R [J f(x)dx = 0.
Thus we see that f(x) is not integrable in the Riemann sense.

3.3. The Lebesgue Integral of a bounded function over a set of finite measure

The example we have cited just now shows some of shortcomings of the Riemann integral. In particular,
we would like a function which is 1 in measurable set and zero elsewhere to be integrable and have its
integral the measure of the set.

The function y defined by

_ { le E
E ox ¢E
is called the characteristic function on E. A linear combination
G(x) = LIy a7 (%)
is called a simple function if the sets E;i are measurable. This representation for ¢ is not unique.
However, we note that a function ¢ is simple if and only if it is measurable and assume only a finite
number of values. If ¢ is simple function and [a1 , a2 ,..., an ] the set of non- zero values of ¢ , then

d) = ZaiXAi )

where A; = { {x| $(x) = a;} . This representation for ¢ is called the canonical representation and
it is characterized by the fact that the A; are disjoint and the a; distinct and non- zero.

If ¢ vanishes outside a set of finite measure, we define the integral ¢ by

n

Jq)(x)dx = ZaimAi

i=1
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when ¢ has the canonical representation ¢ = X, ajx, . we sometimes abbreviate the expression for

this integral to [ ¢. If E is any measurable set, we define fE(D =/ - %

It is often convenient to use representations which are not canonical, and the following lemma is useful.
3.4. Lemma. If Eg, E»,...,E, are disjoint measurable subset of E then every linear combination

¢ = X, CiXg,

With real coefficients ¢y, Co,..., cn is a simple function and

J o =2, cmE; .

Proof. It is clear that ¢ is a simple function. Let a1, a,..., an denote the non- zero real number in ¢ (E).

Foreachj=1,2,...,n. Let
ci=a]-
Then we have A; = ¢~ 1(a)) = {x|¢x) = aj}

and the canonical representation

n

¢ = Z Ai%a

j=1
Consequently, we obtain
J &= ELiajmA;
= Yjtiam  [Ug=a, Ei]
=Yit13 Zg:aj mE; ( Since E; are disjoint, additivity of measures applies )

n

z ijEi

=1
This completes the proof of the theorem.

3.5. Theorem. Let ¢ and y be simple functions which vanish outside a set of finite measure. Then
f@b+by)=afd+bfy and, ifp > yae,then [d = [y

Proof. Let {Ai} and {Bi} be the sets which occur in the canonical representations of ¢ and y. Let Ag
and Bo be the sets where ¢ and y are zero. Then the sets Ex obtained by taking all the intersection A; N
B; form a finite disjoint collection of measurable sets, and we write

N
q) = Z akXEk
k=1
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N
V= z by,
k=1

and so

N

N
ap+by=a ) ag +b ) bk,
k=1

k=1
N

N
= Z aakXEk + kaEk
k=1 k=1

N
= ) (@ax + b,
k=1

Therefore

N
ad + by = Z(aak + bby)mE;
k=1

N

N
=a Z akmEk +b bkmEk
k=1 k=1

=afd+bfy.

To prove the second statement, we note that

[o-[v=]o-v=0,

Since the integral of a simple function which is greater than or equal to zero almost everywhere is
non- negative by the definition of the integral.

3.6. Remark. We know that for any simple function ¢ we have

N
q) = Z aiin
k=1

Suppose that this representation is neither canonical nor the sets Ei’s are disjoint. Then using the fact
that characteristics functions are always simple function we observe that

fcb = falel +fa2XE2 +...+fan)(En

=aleE1+ azfXEZ +"'+aanEn

= almEl + aZmEZ + -+ anmEn
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N

= z aimEi

k=1

Hence for any representation of ¢, we have

N
f b= ;aimEi

Let f be a bounded real valued function and E be a measurable set of finite measure. By analogy with the
Riemann integral we consider for simple functions ¢ and y the numbers

inf
y=f v
E

and

sup [ &
Ps<f

E

and ask when these two numbers are equal. The answer is given by the following proposition .

3.7. Theorem. Let f be defined and bounded on a measurable set E with mE finite. In order that
inff v (x)dx = supf\y(x)dx
fsy 2 f=y 4

For all simple functions ¢ and v, it is necessary and sufficient that f be measurable.

Proof. Let f be bounded by M and suppose that f is measurable. Then the sets

(K-1)M
n

B = {x|F 2 f0 > } -n<Kks<n,

Are measurable, disjoint and have union E. Thus

The simple function defined by

M n
00 == g ()

k=—-n
and

M n
() == > (k=D ()

k=-n

satisfy
dn(x) < f(x) <y (%)
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Thus inffE\y(x)dx < fE\yn(x)dx = %ZL_nkmEk

and sup [, dx > [[dy(dx= ZTB__ (k- 1)mE;
hence 0 < inffE y(x)dx — sup qu)(x)dX S%Zﬁz_n mE, = %mE.

Since n is arbitrary we have
inff y(x)dx — supf dé(x)dx =0,
E E

and the condition is sufficient.

Suppose now that  inf [_ y(x)dx = sup [ (x)dx.
yzf Ps<f

Then given n there are simple functions ¢,, and vy such that

dn(x) < f(x) < v (%)
And (1) [v,®dx — [ dy()dx < =
Then the functions y* =infy
And ¢* = sup ¢,
Are measurable and ¢'(x) < f(x) < y'(%).

Now the set

A= {x| ¢"(x) < y*(x)}

is the union of the sets
* * 1
Av={x| ¢ < v -7}

But each A, is contained in the set {x

dn(x) <y, (x) — %} , and this latter set by (1) has measure less
than % Since n is arbitrary, mA, = 0 and so mA = 0. Thus ¢* = y* except on a set of measure zero,
and ¢* = fexcept on a set of measure zero. Thus f is measurable and the condition is also necessary.

3.8. Definition. If fis a bounded measurable function defined on a measurable set E with mE finite, we
define the Lebesgue integral of f over E by

ff(x)dx = inff (%)

E E

for all simple functions vy > f.

By previous theorem, this may also be defined as
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!f(x)dx = sup! ¢ (%)

for all simple functions ¢ < f.
We sometime write the integral as [, f . If E =[a,b] we write fabf instead of f[a‘b] f.

Definition and existence of the Lebesgue integral for bounded functions

3.9. Definition. Let F be a bounded function on E and let Ex be a subset of E. Then we define M[f, Ex]
and m[f, Ex] as

M[f, Ex | = L u.bf(x)
XSEk

m[f, E] = g. L bf(x)

XSEk

3.10. Definition. By a measurable partition of E we mean a finite collection P = {Ej, E», ..., En} of
measurable subsets of E such that
n
U E,=E
k=1

And such that m(E; N Ex) =0 (k= 1,2,...,n,j # k)
The sets E;1 , Ez,...,Enq are called the components of P.

If P and Q are measurable partitions, then Q is called a refinement of P if every component of Q is
wholly contained in some component of P.

Thus a measurable partition P is a finite collection of subsets whose union is all of E and whose
intersections with one another have measure zero.

3.11. Definition. Let f be a bounded function on E and let P={ E1 , E> ,....En} be any measurable
partition E. we define the upper sum U[f, P] as

n
k=1

Similarly, we define the lower sum L[f; P] as

M:

L[f, P] = m[f, Ek ] mEk
k=1
As in the case of Riemann integral, we can see that every upper sum for f is greater than or equal to
every lower sum for f.
We then define the Lebesgue upper and lower integral of a bounded function f on E by

iIl}fU[f; P] and sup L[f; P]
P
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Respectively taken over all measurable position of E. We denote them respectively by

ffandff
E E

3.12. Definition. We say that a bounded function f on E is Lebesgue integrable on E if

ffandff
E E

Also we know that if  is a simple function, then

Keeping this in mind, we see that

!fz inf!q/(x)dx

For all simple functions y(x) > f(x). Similarly

f= sup | p(x)dx
! !
For all simple functions ¢(x) < f(x).

Now we use the theorem :

“ Let f be defined and bounded on a measurable set E with mE finite. In order that

%Q\Ifjw(x)dx = sfgg! d(x)dx

E
for all simple functions ¢ and v, it is necessary and sufficient that f is measurable.”
And our definition of Lebesgue integration takes the form :

“ If f is a bounded measurable function defined on a measurable set E with mE finite , we define the
(Lebesgue) integral of f over E by

ff(x)dx = inff y(x)dx

E E

for all simple functions y > f.”

The following theorem shows that the Lebesgue integral is in fact a generalization of the Riemann
integral.
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3.13. Theorem. Let f be a bounded function defined on [a,b]. If f is Riemann integrable on [a, b], then it
is measurable and

b b
Rff(x)dx = ff(x)

Proof . Since f is a bounded function defined on [a, b] and is Riemann integrable, therefore,

b b

Rf f(x)dx = cll)rgf d(x)dx
a a

and

b b

R | f(x)dx = squ)f\u(x)dX
J ys
a a

for all step functions ¢ and y and then

b b
Rf f(x)dx = Rf f(x)dx

= infqu)(x)dx = sup fb y(x)dx (i)
p=f"a y<f a

Since every step function is a simple function, we have

b b b b
ij(x)dx = swli];)jw(x)dx < (lbgffj d(x)dx = ij(x)dx
a a a a
Then (i) implies that
b b
supf\y(x)dx = inff d(x)dx
y<f J ¢2fa

and this implies that f is measurable also.
3.14. Comparison of Lebesgue and Riemann integration

(1) The most obvious difference is that in Lebesgue’s definition we divide up the interval into subsets
while in the case of Riemann we divide it into subintervals.

(2) In both Riemann’s and Lebesgue’s definitions we have upper and lower sums which tend to limits.
In Riemann case the two integrals are not necessarily the same and the function is integrable only if
they are same. In the Lebesgue case the two integrals are necessarily the same, their equality being
consequence of the assumption that the function is measurable.
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(3) Lebesgue’s definition is more general than Riemann. We know that if function is the R- integrable
then it is Lebesgue integrable also, but the converse need not be true. For example the characteristic
function of the set of irrational points have Lebesgue integral but is not R- integrable.

Let  be the characteristic function of the irrational numbers in [0,1]. Let E1 be the set of irrational
number in [0,1], and let E> be the set of rational number in [0,1]. Then P = [Ey, E2] is a measurable
partition of (0,1]. Moreover, y is identically 1 on E1 and y is identically 0 on E> . Hence M[y, E1] =
m[y, E2] =1, while M[y, E1] = m[y, E2] = 0. Hence U[y, P] = 1.m E1 + 0.m E2 = 1. Similarly L[y, P]
=1.mE; +0.M Ez = 1. Therefore, U[y, P] = L[y, P] .
For Riemann integration
M[xJ] =1, m[xJ] =0
for any interval ] c [0,1]

~UlxJl =1LL[xJI =0.
=~ The function is not Riemann- integrable.

3.15. Theorem. If f and g are bounded measurable functions defined on a set E of finite measure, then
(i) Jpaf =a [ f
(i) [+ = [f+ [
(i) Iff<ga.e., then fEf < ng
(iv) Iff=gae,then [f=[g
(v) IfA <f(x) <B,then AmE < [ f <BmE.
(vi)  If Aand B are disjoint measurable set of finite measure, then [, f= [, g+ [.f
Proof. We know that if y is a simple function then so is a .
Hence [, af = \ivrnga\y = a\ivrngw =a.f
Which proves (i).

To prove (ii) let &€ denote any positive real number. These are simple functions ¢ <f,y >f,E<
gand n > g satisfying

Ef¢(X)dX> Eff—s, Ef\y(x)dx< Eff+g,

Efa<x>dx> [e-= [neo<[g+s

E E E
Sincep+E<f+g<vy+n, wehave

J(Hg)zl(w@: Ef¢+}3f§>!f+!g—zg
J(f+g)sl(w+n)= Efw+!n<!f+!g+28
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Since these hold for every € > 0, we have

f(f+g)=ff+fg
E E E

To prove (iii) it suffices to establish

fg—fZO
E

For every simple function y > g — f, we have y > 0 almost everywhere in E. This means that wa >0

Hence we obtain

!@—0=1;gﬂlw@)zo (1)

Which establishes (iii).
Similarly we can show that
[E@-0=sw [ve=<0 @
2 v=(g-0 2
Therefore, from (1) and (2) the result (iv) follows.
To prove (v) we are given that
A<f(x)<B
Applying (iv) we are given that
ff(x)dedexz dexz BmE
E E

E
That is, J;f < BmE

Similarly we can prove that fEf > BmE.

Now we prove (Vi).

We know that x, = = %, + X

Therefore , Jaosf= Jaue %auef = Jaus fCta + 1)

= foA+ JfXB

AUB AUB

=Aff+Bff

Which proves the theorem.
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3.16. Corollary. If fand g are bounded measurable function then

If f(x) = 0onEthen [.f >0 and

If f(x) <OonEthen [.f <0 .

Proof : Let s be a simple function such that > f

Sincef(x) 20onE >y =>00nE

= [¢ >0 =>llpr§fE1|J >0ie [,f >0

Similarly, Let ¢ be a simple function such that ¢ < f. Since f(x) > 0on E
>¢=<0o0nE

= ¢ <0 ﬁ.ilgf)qu) <o0ie [.f<0

3.17. Corollary. Ifm(E)=0,then [ f=0
Or

Integrals over set of measure zero are zero.
Proof : Since f is bounded on E so there exist constant A and B such that

A <f(x)<B

= A.m(E) < f f(x)dx <B.m(E) Vx€E
E

Sincem(E)=0= [.f=0

3.18. Corollary. If f(x) =k a.e. on E then fEf = k.m(E) . In particular if f =0 a.e. on E then fEf =0
Proof : Since f(x) = k a.e on E then fEfz 0

3.19. Corollary. If f=ga.e then fE f= fE g but converse is not true.

Proof : consider the functions

f:[-1,1] 2 Randg:[1,1] = R

 (2ifx <0
as f(x) = {0 ifx> 0

Clearly f and g are bounded and measurable functions.

andg(x)=1 Vx

= fand g are lebesgue integrable on [-1,1]

1 0 1
_J; f(x)dx = _j; f(x)dx + E)I‘f(x)dx

= [ 2dx+ [/ 0.dx =2
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fg(x) = fldx =1m([-1,1D) = 1.2=2

Therefore [.f= [ g
But f # ga.eon[-1,1]
{ m{xe[-11];f+g}=2 #0}
Therefore f # ga.eon E
f and g are not equal even at a single point of [-1,1] as these are defined.

3.20. Corollary. If f =0 a.e on E then fE f = 0 but converse is not true.

] . . L _( 1ifx=0
Proof : Consider the function f: [-1,1] » Ras f(x) = {_1 ifx < 0
1 0 1
ff(x)dx = jf(x)dx+]f(x)dx
-1 -1 0

=-1+1=0
Clearlyf# 0aeasm{x€[-1,1];f#0}=m[-1,1] =2+ 0
So converse is not true.

3.21.Corollary. If fE f=0andf>0onEthenf=0a.e.

Proof : Suppose E has a subset A where f(x) >0,

ie A= u;;°=1{x € E;f(x) > %}

Let E,(n) = {x €E ;f(x) > l}

If possible, suppose there is a positive integer N such that m(E;(N)) > 0.

Then [ > f2 = m(E;(N)) > 0

E;(N)
Which contradicts the fact that [ f =0

Thus, m(E,(n)) = 0 forall n> 1.

This proves the corollary.

3.22. Corollary. Let f be a bounded measurable function on a set of finite measure E. Then
[fefl < flf

Proof : The function |f| is measurable and bounded

Now -|f]| <f<|flonE
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By the linearity and monotonicity of integration,
e fl < Jef < Sl

= |[f] < [Ifl

3.23. The Monotone Convergence Theorem

Let {fn} be an increasing sequence of non-negative measurable functions on E. If {f,} — f pointwise a.e
onE, then lim [ f, = [.f
n—»>oo

Proof : Since {fn} is an increasing sequence

Sofi<faevn
= lim [f, < [f (D
Now by Fatou’s Lemma [ f <lim [f, ... (2)

mffnzli_mff

Case Il If fis a bounded function on E, then theorem is trivially true. Since in this case

From (1) and (2), we have

Hence the result .

|f(x)| < M V x € E for some number M and thus € > 0, one can choose a 6 = (ﬁ) > 0 for which m(A)
<8 then [, f <M [, 1=Mm(A) <€

3.24. Remark : The technique used in above theorem helps us to evaluate the lebesgue integral of non-
negative bounded and unbounded functions.

3.25. Example : Evaluate the Lebesgue integral of the function f: [0,1] = R

1 if0<x<1
0 ifx=0
Clearly f is unbounded, non-negative function defined on [0,1]. Now define a sequence of functions {f,}
on [0,1] as

_(f(x) iff(x) <n
fnx) = {n ifn < f(x)

. 1
f(x) ifx > =

ie. fa(X) = 1
n ifx < =

n
Clearly {fn} is increasing sequence of non-negative measurable functions such that f,— f. So by
monotone convergence theorem
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1

ff(x)dx = rlli_r){jloffn(x)dx

0

= lim [fol/rﬁ f(Odx + [, 3fn(x)dx]

= rllggo[fns ndx + f f(x)dx]
° Yos ]

1

1
= lim [nx]o/n3 + fx_l/sdx

lim
13
_ 1 3 1
= lim [+ 5(1- 13|
3 3
=0+3=3

3.26. Theorem(Lebesgue Bounded Convergence Theorem). Let < f,> be a sequence of measurable

functions defined on a set E of finite measure and suppose that < f, > is uniformly bounded, that is ,

there exist a real number M such that |f,(x)| < M for all ne N and for all x¢ E . If lim f,(x) = f(x) for
n—->oo

each x in E, then

J f=lim [ f, .
n—>o0o0
E E

Proof. We shall apply Egoroff’s theorem to prove this theorem. Accordingly for a given € > 0, there is
an N and a measurable set E, c E such that mE§ < ﬁ and for n > N and x € E, we have

Ifn(x) — £ <

o |

2m(E)

!@—OS!W—H

Hence
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3.27. Remark : Bounded Convergence Theorem need not be true in Riemann integral .
3.28. Example : Let {ri} be a sequence of all rational numbers in [0,1].
DefineS, = {r;:i=12,..,n},n €N

1lifx €S,

and for each n € N, consider the function f,(x) = {0 ifx @S, — {r;,ry, .., 1y}
n

clearly each f,, is bounded, also f, is discontinuous at n-points in [0,1] namely points of S,,
1.6, T, Ty, e, Ty .

At X = I‘1
lim f,(x) # f,(ry) # lim f;,(%)
X—T] X—T]
Hence Riemann integrable on [0,1]

[ A function is Riemann integrable, if it is continous except at a finite number of discontinuity]

Now we have proved that
1

lim Rj f,(x)dx # Rf lim f,(x)dx
n—->oo n—->oo
0

= Rffn(x)dx = ffn(x)dx = f f(x)dx
0 0

SnUSS

{~SaUS; =1[01]}

= an(x)dx+ an(X)dX

Sn s¢

= fldx+ dele.m(Sn)z 0
Sn Sk

[ {Sn}sequence of rationals m(S,) = 0]
1

= lim Rf f,(x)dx =0
0
Clearly {fn} is convergent to f when f is defined as

f(x) = { 1 if fis rational in [0,1]

0 if fis irrational in [0,1]
and f is not Riemann — integrable on [0,1]
1

= Rf f(x)dx does not exists .
0
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1 1
lim | f,(x)dx # R f lim f,(x)dx
n—oo n—-oo

0 0

So bounded convergence theorem does not hold in Riemann integral .
The integral of a non-negative function

3.29. Definition. If f is a non-negative measurable function defined on a measurable set E, we define

ff= supfh,
hsf
E E

Where h is a bounded measurable function such that m{x|h(x) # 0} is finite.
3.30. Theorem. If f and g are non-negative measurable functions, then
(i) Jpcf=cf.f>0

(i) [(f+g =[,f+ [ gand
(i) Iff<ga.e., then

<

Proof. The proof of (i) and (iii) follow directly from the theorem concerning properties of the integrals
of bdd functions.

We prove (ii) in detail.
If h(x) < f(x) and k(x) < g(x), we have h(x) + k(x) < f(x) + g(x), and so

J(h+k)£!(f+g)

ie. Joh+ [k < [[(f+g).
Taking suprema, we have
(v)  fpf+ g < f;(f+9)

On the other hand, let £ be a bounded measurable function which vanishes outside a set finite measure
and which is not greater than (f + g). Then we define the functions h and k by setting

h(x) = min(f(x), £(x))
and k(x) = £(x) — h(x)
we have h(x) < f(x),
k(x) < g(x)
while h and k are bounded by the bound ¢ and vanish where ¢ vanishes. Hence
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Efﬁzth+fksEff+fg

E E

supffs ff+fg
f<f+g

E E E

And so taking supremum, we have

That is,
v L+ e=[[(f+g)
From (iv) and (v), we have

f(f+g)=ff+ g

E E E
3.31. Fatou’s lemma. If < f, >is a sequence of non-negative measurable functions and fn(x) = f(x)
almost everywhere on a set E, then
f f <lim f fn
E E

Proof. Let h be a bounded measurable function which is not greater than f and which vanishes outside a
set E’ of finite measure. Define a function hy by setting

hn(x) = min{h(x), fa(x)}
Then hn is bounded but bounds for h and vanishes outside E’ . Now hn(X) —h(x) for each x in E’ .

Therefore by “Bounded Convergence theorem” we have

fhthzlimfhn sn_mffn
E E/ E/ E

Taking the supremum over h, we get
f f < lim f fn
E E

3.32. The inequality in Fatou’s lemma may be strict

Consider a sequence {f} defined on R as

Fa(X) = {

Clearly sequence {fn} is sequence of non — negative measurable funcyions defined on R and

lifx € [n,n + 1] E,
0 otherwise E,

lim f, = fwheref=0 = [ f=0

n—-oo
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Also Jafa = fEl uE, fn = fEl f, + sz f,

= lim [ f, = 1and we know that 0 <1

So [ f <lim [, f,
3.33. Fatou’s lemma need not good unless the function f, is non — negative
1 2
: : —nif- <x <= E
Let us consider the function fn(x) = { g =X =y 1
0 otherwise E,

Hence lim f,(x) = f(x) = 0ae = [ f(x)dx =0
n—oo
Also [ f,(x)dx = Jg, f2GOdx + [ £,00dx
_ (% _
_fl/n —ndx+0= -1

Thus lim [ f,()dx = —1

1 1
:ff(x)dx $h_mjfn(x)dx
0 0

3.34. Theorem( Lebesgue Monotone Convergence theorem). Let < f, > be an increasing sequence of
non negative measurable functions and let f = lim f, . Then

jf:limjfn
JfSli_mjfn

But for each n we have f, < f, son [ f, < [ f. But this implies

ijsjf
[r=tim |5

3.35. Definition. A non-negative measurable functions f is called integrable over the measurable over
the measurable set E if

free

E

Proof. By Fatou’s Lemma we have

Hence
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3.36. Theorem. Let f and g be two non-negative measurable functions. If f is integrable over E and
g(x)<f(x) on E, then g is also integrable on E, and

[¢-0=[r-]s

Proof. Since If=L(f-9+/.9
and the left hand side is finite, the term on the right must also be finite and so g is integrable.

3.37. Theorem. Let f be a non-negative function which is integrable over a set E. The given € > 0 there
isad > 0 such that for every set A ¢ E with mA < § we have

ff<e
Proof. If |f| < K, then I, f < J,K=KmA
€ €
Set§ <— Then [,f <K.—= €.

Set fn(x) = f(x) if f(X) < n and fa(x) = n otherwise. Then each f, is bounded and f, converges to f at each
point. By the monotone convergence theorem there is an N such that fE fn > fE f—-

and [((f—fw) < <.

Choose § < % If mA <& , we have

-

(ﬂﬁm+fm
A

(f = fu) + NmA

Af
,!

(since JfN < fN=NmA)

A

3.38. The General Lebesgue Integral
We have already defined the positive part f* and negative part £~ of a function as
f* =max(f,0)
]_‘ = max(—f,0)
Also it was shown that
f=f-f
fl=f"+f

With these notions in mind, we make the following definition.
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3.39. Definition. A measurable function f is said to be integrable over E if f* and f are both integrable

over E. In this case we define
E E E

3.40. Theorem. Let f and g be integrable over E. Then

Q) The function f+g is integrable over E and

Ef(f+g)=Eff+Efg
ffsfg

E E

(i) Iff<ga.e., then

(i)  If Aand B are disjoint measurable sets contained in E, then
Jr=]r+]s
AUB

Proof. By definition, the function f*,f,g*,g are all integrable. If h = f + g, then h = (f*—,f) +

(g — g) and hence h = (f* +g*) — (f + g) . Since f* + g* and f + g are integrable therefore
their difference is also integrable. Thus h is integrable.

We then have

fh=f[<f++g+>— (F+7)
E E

—(jf+—ff)+(f |
That is, L+ =[f+].9

Proof of (ii) follows from part (i) and the fact that the integral of a non-negative integrable function is
non-negative.

For (iiiywe have [, _f = [ fyas
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~ [t [fu= [ £+ [ 1
A B

It should be noted that f+g is not defined at points where f = co and g = —oco and where f = —oco and
g = o . However, the set of such points must have measure zero, since f and g are integrable. Hence the
integrability and the value of [(f + g) is independent of the choice of values in these ambiguous cases.
3.41. Theorem. Let f be a measurable function over E. Then f is integrable over E iff |f]| is integrable
over E. Moreover, if f is integrable, then

f4=.ﬂﬂ

E E

Proof. If f is integrable then both f* and f~ are integrable. But |f| = f* + f~ . Hence integrability of
f* and f~ implies the integrability of |f|.

Moreover, if f is integrable, then since f(x) < |f(x)| = |f|(x) , the property which states that if f < g
a.e., then [ f < [ g implies that

[r=]in (0

On the other hand since —f(x) < |f(x)|, we have

—[f = [Ifl (i)
From (i) and (ii)

Conversely, suppose f is measurable and suppose |f| is integrable. Since
0<f () < If()l
It follows that f* is integrable. Similarly £~ is also integrable and hence f is integrable.

3.42. Lemma. Let f be integrable . Then given & > 0 there exist § > 0 such that | [, f| < e whenever

A is measurable function f we have = f* — f~ . So by that we have proved already, given > 0 , there
exist §; > 0 such that
€
+ o =
[re<s.
A

When mA<g;. Similarly there exists §, > 0 such that

fr<s

A
When mA<§,. Thus if mA < § = min (6;,5,) , we have

[ ] ST If1= [ fr+ [ f<s+i=¢

This completes the proof.
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3.43. Theorem (Lebesgue Dominated Convergence Theorem) Let a sequence < fy >, ne N of
measurable functions be dominated by an integrable function g, that is

()] < g(x)
Holds for every n e N and every x ¢ N and let < f, > converges pointwise to a function f, that is , f(x) =
lim f,,(x) for almost all x in E. Then
n—->oo
[ = tim | £
n—->0oo
E E

Proof. Since |f,| < g for every ne N and f(x) = lim f,(x), we have |f| < g. Hence f, and f are
n—-oo

integrable. The function g — f is non-negative, therefore by Fatou’s Lemma we have
[o-[r=[w-p < m[@G-£
E E E E

=fg—Wffn
E E

Whence Jf =1im [ f,

Similarly considering g + f, we get

—

fsﬁjfn
E E

Consequently, we have Jof=lim [_fy





